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1. Introduction

We describe in this note stochastic processes, especially Gaussian ones, with paths in generalized function algebras
through their representation with respect to a parameter € < 1 and appropriate estimates with respect to & — 0. Our
main motivation is to develop a basic calculus for singular stochastic processes, such as the white noise process, within an
algebra of generalized stochastic processes. We will refer to stochastic processes with paths in generalized function algebras
shortly as to GFA-stochastic processes. Also, we suggest a simple method of solving stochastic differential equations in the
framework of Gaussian GFA-stochastic processes.

Generalized random processes were introduced by Gel'fand and Vilenkin in [3] and investigated by many authors. De-
pending on the type of generalization one can distinguish different types of generalized random processes. Generalized
stochastic processes as elements of L(V, L%(9)) i.e. as linear continuous mappings of a test space V into the space of ran-
dom variables with finite second moments can be found in [9,10], while mappings into generalized random variable spaces
with chaos expansions are subject of [6,7,11]. (In this paper we use the notation O for the probability space and $2 for
an open set of R%.) Another approach, originated from the older papers [5,23,24] (see also [12,13]), deals with generalized
random processes defined as mappings & : © x V — C such that for every ¢ € V, &(-, ¢) is a complex random variable, and
for every w € O, &£(w, -) is an element in V'. We have recently studied generalized processes of both types in [20] and [21].

Stochastic processes with paths in algebras of generalized functions are considered by Oberguggenberger, Russo and
their coauthors in [1,15,17-19,22] and are used in solving some classes of nonlinear stochastic equations. The algebra of
generalized functions considered in these papers is the Colombeau algebra of generalized functions denoted by G(£2), where
£ c RY is an open set. This algebra contains the space of Schwartz distributions D’(£2) as a subspace. Stochastic processes
are defined as mappings O — G(£2) and called Colombeau generalized stochastic processes. Also, Oberguggenberger and
Russo have shown that distribution stochastic processes i.e. weakly measurable mappings X : O — D'(£2), where X : w
(X(w), ¢) is measurable for every ¢ € D(£2), can be embedded into Colombeau generalized stochastic processes. We refer
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also to [7] for different classes of generalized stochastic processes among which the Colombeau setting of such processes is
mentioned.

In this paper we will consider stochastic processes with values in LP(9), p > 1, and £(9), the space of complex mea-
surable functions endowed with almost sure convergence. For this purpose we introduce in Section 2 algebra G(£2, £(9D)),
vector spaces G(§2,LP(9)) and G(£2, L(D)), G(£2,[LP(D)]) and call their elements GFA-stochastic processes. In Section 3
we analyze the embedding of spaces of generalized functional stochastic processes L(D(£2), LP (D)) and Lo(D(£2), L(D))
into the GFA-stochastic process space G(£2, L (9)) and the GFA-stochastic process algebra G(§2, £(9)), respectively. In Sec-
tion 4 we determine Gaussian GFA-stochastic processes, elements of G(£2, [LP(9)]), by their first two moments which are
elements of the algebra of generalized functions; in this approach, the classical proof is implemented with parametric esti-
mates. As an application of this theorem, the white noise process is analyzed in the GFA-stochastic process setting. Moreover,
solutions of a class of stochastic partial differential equations (SPDEs) in the framework of Gaussian GFA-stochastic process
are analyzed and a suitable necessary condition for the existence of a solution is formulated.

2. GFA-stochastic processes
2.1. Algebra of generalized functions

We will deal with the algebra of generalized functions first constructed by Colombeau. Omitting the general construction
[2,4,15], we recall only the definition of the algebra G(£2) on an open set £2 in R". In order to simplify the understanding of
this algebra one can have in mind distributions regularized through Friedrich’s mollifiers and then extend this space of nets
of regularized functions to a differential algebra of nets of functions. We will use the notations D% = D§ = 9% = 8,‘(1]1 ...B,f;d
for the partial differential operator, € Np.

Definition 2.1. Set £(12) = (C*(2))!, I = (0, 1],
Em(R) = {(us)s €E(2): (VK € 2)(Ya e NY)3p e N)(su}?‘aaus(xﬂ - o(sfp))},
Xe

N(@) = {(ug)E €E(R): (VK € 2)(Ya e NB)(Vq € N)(sup!B“ug(x)| - O(eq))],
xeK
G(2) =Em(R2) /N (£2).

Elements of £y (£2) and N(£2) are called moderate, resp. negligible nets of functions.

In the definition the Landau symbol a, = O(b.) appears, having the following meaning: (3C > 0)(3gg € I)(Ve €
(0, £0))(as < Cbe).

Note that £y (£2) is a differential algebra with pointwise operations. It is the largest differential subalgebra of £(£2) in
which N (£2) is a differential ideal. Thus, G(£2) is an associative, commutative differential algebra. If (ug)e € EM(£2) is a
representative of u € G(£2), we write u = [(ug)¢].

We use a net of mollifiers ¢, € S(R"), € € I, of the form

1 X n
%(X)=8—n<p ) xeR", eel, (1)

where ¢ € S(R") has the properties [¢@(x)dx =1, fx"go(x) dx=0, ke N, and ¢ is positive definite i.e. ¢ > 0, where ¢
denotes the Fourier transformation of ¢. (For example one can take @ eDR"), ¢ >0 and ¢ =1 in a neighborhood of
zero.) The Fourier transformation of ¢ € S(R") is defined as ¢(x) = fR,. e~i®0¢(t)dt, and the Fourier transformation in
S'(R™ is given by (f,¢) = (f. ), f € S'R"), ¢ € SR".

Let be a compactly supported Schwartz distribution, T € £'(£2). Then by

T~ Cd(T) = [((T % o)), ] = (T % ge)l@), + N (2)

is defined a linear embedding of £'(£2) into G(£2). Since the presheaf 2 — G(£2) is a soft sheaf, it follows that the above
embedding can be extended to an embedding of D’(£2) and C*°(£2) into G(£2) for any open set 2 C R".

Rather than considering equality in G(§2), it is more usual to consider the notion of association. We say that u = [(ug)¢]
and v = [(v¢)¢] are associated in G(£2), denoted by u ~ v, if

lirr})/(us(x) —ve(x)px)dx=0, for all ¢ € D(£2).
E—
2

Similarly, u = [(ug).] € G(£2) is associated with an element f € D’(£2) (in this case f is called the distributional shadow
of u) if limg g [, ug ()¢ (x)dx = (f, ¢), for all ¢ € D(£2).
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2.2. Definitions of GFA-stochastic processes

As we already stated, (9, 4, P) denotes a probability space, and £2 c R? is an open set.

Definition 2.2. Let £(£2, £(D)) be the set of nets (uq(w, x))e, ® € O, x € 2, ¢ € 1, such that, for almost every (a.e.) w € O,
it holds (ug(w, -))e € (C°(£2))!, and for every x € £2, (ug(-, X)) is a net of measurable functions on ©. Set

Em(2, L)) = {(ug)g € £(2, L(©)): (for ae. w e D)(VK € 2)(Yor € NI)(Fa N)(sup!B“ug(w, x| = (’)(e—ﬂ)) }
xeK

N(2,LD)) = {(ug)s €&(2, L(D)): (for ae. w e O)(VK € 2)(Vor € N§)(¥h € N)(sup|8“u5(w, x)|= O(ab))}.
xeK

Elements of £y (2, £(O)) and N (£2, L(D)) are called moderate and negligible nets of functions with values in £(9),
respectively.
The space of £(£) GFA-stochastic processes is defined as

G(2. L)) = Em(2. LIO)) /N (2. L))
As Epm(£2, L(9)) is an algebra with respect to multiplication, and N (£2, £(9)) an ideal in Ey(£2, £(O)), we have that

G(82, L(D)) is an algebra.
The next step is to adopt the theory of generalized stochastic processes to the case of function with values in LP(9).

Definition 2.3. Let p > 1. Denote: £(£2, LP (D)) = (C*°(£2, LP(D)))!. Then:
En (2. 1P(D) = { (o) € £(2, LP(9)): (VK € 2)(Vor e NG) (Fa € N)(su}?ua“us(A, 0, =0()}.
Xe
N(2,1P0) = {We)e € £(2, L (D)): (VK € 2) (Y € N) (Vb N)(su}?”a“ug(., 0], =0()}
Xe

Elements of Ey($2, LP(9)) and N (£2, LP (D)) are called moderate and negligible nets of functions with values in LP(9),
respectively.
The space of LP () GFA-stochastic processes is defined as
G(2.LP(9)) = Em(2, LP (D)) /N (2, LP (D).

Let (9, L:(9), Pe), € €1, be a net of probability spaces and let L2 (9), € €I, be a net of corresponding LP-spaces. We
will consider in Section 4 the following extension of Definition 2.3.

Definition 2.4. Let p > 1. Denote: £($2, [LE(O)]) = (C*($2, LY (D)))". Then:
Em(2.[LE©)]) = {(us)g e £(2,[L2©)]): (VK € 2)(Ye e NB)(a e N)(ig}?uaaug(., 0y = O(s’a)) }
N (@, [L2@)]) = {we)e e E(2, [LED)]): (VK € 2)(Vor € Ng) (v € N)(ig}?”a“ug(.,x) I =0(")}-
We use the notation Ey (82, [LE(O)]), N (82, [LE(O)]) as well as

G(2.[LED)]) = Em (2. [LED])/N (2. [LED)])

and call them spaces of moderate and negligible nets of functions and nets of functions with values in [LP ()], respectively,
as well as [LP ()] GFA-stochastic processes.

Clearly, if LP =LP, ¢ €1, then Ey (82, [LE(D)]) = Em (82, LP (D).

Remark 1. Note that by “push forward” all the e-random variables O 5 w — ug(w, x) € R" (x € £2) are pushed to R" with
the Borel o-algebra and e-weighted Lebesgues measures, € € I. In this sense, the definition of Gaussian GFA-stochastic
processes in Section 4 is given without referring on a net (L? (D))e.

We emphasize that the operation of multiplication is not closed in £y (£2, LP (D)) and £y (82, [LP(D)]).
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3. Embeddings of generalized functional stochastic processes into GFA-stochastic processes
3.1. Generalized functional stochastic processes

First, we recall in an abstract manner two classes of generalized stochastic processes, depending on the type of conver-
gence. Let us denote by V a locally convex space and let V' be its dual space. Then, by L(V, £(9)) and L(V, LP(9D)) are
denoted the spaces of linear and continuous mappings from V into the respected spaces. Elements of these spaces are called
generalized functional stochastic processes. In general case, if £(-, ) € L(V, L(D)), ¢ € V, then one cannot claim continuity
of the mapping &(w, -) for fixed w € O.

We will consider in this paper L(V,LP(O)) and Lo(V, L(O)) C L(V, L(D)), where Ly(V, L(9D)) consists of those ele-
ments f(w, $), (w,¢) € O x V which have the property: There exists O a subset of O of zero measure such that

flw,) eV’ foreveryweO\Oy.

For example, if V is a nuclear space, then Lo(V, £(D)) = L(V, £(9)) i.e. on nuclear spaces each generalized functional
stochastic processes has a version with continuous paths (this was shown in [25]). Examples of spaces where Lo(V, £L(D)) #
L(V, L(9D)) can be found in [21].

Theorem 3.1. Let V be a separable space and &1, & € Lo(V, L(O)). The following conditions are equivalent.

(a) Forevery p € V, P{w: &(w, p) =& (w, @)} = 1.
(b) There exists Wo C 9, such that P(Wg) =1, and, for every w € Wy, &1(w, -) =& (w, ) in V',

Proof. Let (a) hold and Vo be a countable dense set in V. Set, for ¢ € Vo, Wy = {w: &(w, @) = &(w, )}. Clearly,
P(Wy) = 1. Denote

Wo= |J Wy =J{o: &1(0.9)=5(0.9). 9 Vol
@eVy
Since P(Wy) =1, we have to prove (b) for any w € Wy and ¢ € V. There exists a sequence (¢p), € V(I]\I, such that ¢, — ¢

in V, as n — oo. The equality &1 (w, ¢n) = &(w, @n) for @, € Vo, w € Wy, implies that

§1(w, )= lim & (@, gn) = M & (@, gn) = 52(, @).

The converse assertion is obvious. O
If &1,& € L(V, LP(9)), then they are equal if for any ¢ € V,

/}51 (@.9) — & (w,9)|” dP(®) =0.
O

Let £ € L(V,LP(9)). Since the inclusion mapping LP(9) — L1(9) is continuous, it follows that the linear mapping
Vop~ fos(a), ¢)dP(w) is continuous. Thus the expectation of &, E(§(w, ¢)) =m(p), ¢ € V, exists and belongs to V'.
Without loss of generality, we may assume (when needed) that E(§(-, ¢)) =0, for an arbitrary ¢ € V.

If E(¢(w, @)&(w, ¥)) exists for all ¢ and ¢, and it is continuous with respect to each argument ¢ and v (for example,
if p =2), the correlation operator of & € L(V, LP(9)) is defined by

Bs (@, ¥) =E(EC.@EC, V), @, V€V,
and the covariance operator is defined by
Ce(@, V) = Be (@, ¥) —m(@)m(y).
3.2. Embeddings

In the sequel, we put V = D(£2) endowed with the usual topology in D(£2). Let & € Lo(D(£2), L(D)), respectively
& e L(D(£2), LP(D)). Denote by (x:)¢ a net of smooth functions supported by £2_, = {x € 2: d(x, R"\ 22) > ¢}, € < &g, such
that k. =1 on £2_5,, € < €. Let (¢¢) denote the net of mollifiers defined by (1). Then

Ug(w,X) = (k) (0, e (- — X)), weD, xeR, €€, (2)

defines an element of £y (£2, L(D)), respectively Ey(£2, LP (D)), denoted by u = [(ug)e]. If £ is compactly supported, then
in (2) we may take
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Ug(w,X) =& (0,0 (- — X)), weD, xR, g€l

since (k&) (w, @) =&(w, ), w €D, p € D(2), € €.

We want to show that different generalized functional stochastic processes on D(£2) define different GFA-stochastic
processes. Also, we shall give an example of a GFA-stochastic process which is not obtained by the embedding of a functional
stochastic process.

First we quote some preassumptions we will use in the sequel. Every & € Lo(D(82), L()), respectively & € L(D(£2),
LP(9)) can be written in the form & =Y 72, & xi, where (x;)ien is a partition of unity for an open cover of 2 consisting of
bounded sets so that K; =supp x; € £2, i € N, and so we have & x; € Lo(£(£2), L()), i € N. Thus, without loss of generality
in studying the equality of stochastic processes, we will assume that & has a compact support (else we use a partition of
unity and the sheaf properties of D(£2)). We will also assume that compact sets under consideration are of the form W,
where W C £ is an open bounded set with a boundary that is regular enough, so that functions from C™(W), m € N, can
be extended to C™(£2;) for some 21, W € 21 € £2. (When W is an open set, the notation W & £2; means that W is a
compact subset in £21.)

Now we quote some results of distribution theory. Let & € Lo(£(£2), £L(O)) and Ko = suppé&. Then, for almost all w € O,
&(w, ) can be continuously extended to functions from C™(K) for some m € N and some compact set K, Kg € K € £2 (here
we used the preassumptions quoted above). Now, for every ¢ € C™(K) there exists an open set §2, K € §21 € 2, so that ¢
can be extended to a function (again denoted by ¢) belonging to C™(£21). Let £2, be an open set such that K € £25 € £2;.
The net of smooth functions 29 > x —~ f92 Ys (X — ) (t)dt, & < &, converges to ¢ in C™(K).

Lemma 2. Let (¢:)c be the net of mollifiers defined in (1) and K € §2, as quoted above. The set of functions A = {@:(- — t)|k;
t € £29,e €(0,1)} is dense in C™(K).

Proof. We will show that if g(w, -) € (C™(K))' for almost all w € O, then for almost all w € O:

gw, ) =0, ¢pcA = gw,¥)=0, ¢ eC"K).

This will imply the assertion. Let ¢ € C™(K) so that it can be extended in £21. We have for almost all w € O,
(&)= 611310<g(w, ), f e (- = DY () dr> = lim({g(@, ), ¢e (- = Olk), ¥ (©) = 0.
2,

This completes the proof. O

Now, we prove the main results of this section, that (2) defines an embedding L(D(£2), LP (D)) < G(£2, LP(£)), as well
as an embedding Lo(D($2), L(D)) — G(£2, L(D)). In other words, both generalized functional stochastic processes with
finite moments and generalized functional stochastic processes with continuous versions can be embedded into appropriate
GFA-stochastic process spaces.

Theorem 3.2. If &1, &) € Lo(D(£2), L(D)) and &; # &, then the corresponding elements uy and uy of G(£2, £L(9)) are also different.

Proof. Recall, we may assume that & = &; — & is compactly supported, else we use the partition of unity. Since, & # 0, it
follows that there exists a function ¢ € D(£2) and a set Wy C O, P(Wy) > 0, such that, for every w € Wy, &(w, ¢g) # 0.
Let Ko =suppé and Ko € K € £2 as before. By Lemma 2, there exist a sequence (t;)nen in £27 and a sequence (&p)pery in
(0, 1), such that @, (- — tg) = @o(-) in C™(K) as n — oo. For every w € Wy

(0, @e, (- —tn)|K) = E(@, @0) #0, n— oo,
Thus, for every w € Wy,

sup | (@, ¢s, (- — D)| £ 0(1),
tef2,,neN

which means that &(w, ¢¢ (- —t)) is not a negligible function, i.e. & and & determine different elements of G(£2, £(D)). O
Now we show that different elements of L(D(£2), LP (D)) determine different elements of G(£2, LP(9D)).

Theorem 3.3. Let &1, & € L(D(£2), LP (D)) and & # &,. The corresponding elements uq and u; of G(£2, LP (D)) are also different.

Proof. Assume again that & = &; — & has a compact support Ky. Since & # 0, it follows that there exists ¢g € D(£2) such

that, for each w € O, fg |€(w, @o)|? dP(w) # 0. By the same arguments and notations as in Theorem 3.2, we have that £ # 0
implies that £(-, ¢, (- —tn)|k) does not tend to zero in the sense of L?-convergence as n — oo.
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The set §2, contains t,, n € N. Now, from

sup /|§(a), Qe (- — t))|2dP(w) #£0(1) as&—0,
IEQZD

it follows that uq. — uze ¢ N (82, LP(9)). This proves the theorem. 0O

Example 3.1. Consider ug(w, x) = sizwz(g)X(a)), x € 2, € € I, where X(w) denotes a random variable, resp., a random
variable in LP (D), and ¢ is the mollifier. This element is not obtained by the embedding of an element of L(D(£2), L(D)),
resp., of L(D(£2), LP(9)). The associated element in L(D(£2), £(O)) would be §2(x)X(w), but we know that §2 does not
exist in D'(£2).

4. [L2(9)] GFA-stochastic processes
4.1. Expectation and correlation

Let u € G($2, [Lg (9)]). The expectation of u is an element m of G(£2) whose representative is

my, (X) = E(ug(w, X)) = / Ug(w, x)dPg (@), xe£2, €€l.
O
The correlation function of u is an element B of G(§2 x §2) with a representative

By, (x,y) = E(ug(w, X)ug(w, y)) = / Ug(w, X)ug(w, y)dPe(w), X,y 2, cel.
O

Let £ € L(D(£2), LP (D)) and ug(w, x) be defined by (2). Then the representatives of the expectation m,, and the correlation
function By, as well as the process u, itself, depend on the choice of the mollifier function. However, they define elements
of the generalized function algebra which are equal in distributional sense. This is the consequence of the continuity of
&(-,-) with respect to the second variable, in the sens of LP-norm.

Concerning partial derivatives, for u € G(£2, [Lg (O)]) and a, k € N4, we have

3%my, (x) =myey, (x), x€2, eel, and

8,’:8’;8% x,y)= B(.,kw8 x,y), x,yef2, cel.

From
n n
Z Bu, (i —Xi, Xj — Xj)ziZj = Z E(ue(w, x;i — X ue (w, Xj — X)))ziZ]
ij=1 i j=1

2
)20, gel, xi,% €8, z;€C, ieN,

n
Zug(a), Xj —Xj)zj

j=1

X

it follows that the correlation function By, is positive definite for every ¢ € I. Furthermore, the covariance function

Cu, (%, ¥) =Bu, (X, ¥) —my, ()my, (¥), Xx,y€82, e€l,
is positive definite for every ¢ € I. Indeed, since my, = (E(us(w, -)), we have
n

Z(us(w, Xj—Xj) —my, (xj —X)))z;

j=1

2
)0

Example 4.1. Let X;(w), t € 2, w € O, be an L%(9) GFA-stochastic process with smooth sample functions. The corresponding
element of G(£2, L2(9)), Cd(X;) = u has a representative ug(w, t) = X; (@), t € 2, w € O, € € I, as well as the following one:

n
Z Cu, (Xi — Xi, Xj — Xj)ZiZj = E(

ij=1

(us(t))g = (Ka(t)xt * (pa(t))s = (/(Ks(s)xs)ws(s -0 d37> , tes2, (3)
2

&

where (¢¢). denotes the net of mollifiers and (k). is the net introduced in the previous section.
If X (w), t € 2, we O, is an L2(O) GFA-stochastic process with continuous sample functions, with expectation m(t) and
correlation function B(t, s), then for Cd(X;) = u € G(£2, L?>(9)) defined by its representative (3) we have
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My, (X) = (Kem)(X) * Qe (), X€£2, €€,
Bu, (x, ¥) = ke )Ke(V)B(X, ¥) % 0 )@ (¥), X,y €82, €€,
and [(my,)e] € G(£2), [(By,)el € G(£2 x £2). Indeed,

my, (X) = E(ug(w, X)) =/ug(w, x)dP(w) :/</K5(5)Xs(w)‘ﬂ£(5_x)d5> dP(w)
O o 2

= / Ke (5)@s (5 —x)( f xs<w)dP(w>> ds = / Ke ()@ (5 — X)M(s) ds = Kem) (X) * @e (X).
7] O 2

For By, (x,y) the proof is similar. Note that since B(x,y) is positive definite, its Fourier transform ﬁ(é,n) is a posi-
tjve distribution. Also, ¢, is positive definite by construction. Thus, B(x, y) * @¢(x)@:(y) has the Fourier transformation
B(&, ) Pe(§)@e(n) > 0 and therefore, By, (x, y) is positive definite.

Remark. In [16] the notions of positive definiteness and weak positive definiteness of Colombeau functions are considered,
and it is proved that a distribution f € D'(£2) is positive definite if and only if the corresponding Colombeau generalized
function Cd(f) is weakly positive definite. However, we assumed that the net of mollifier functions ¢, € € I is positive
definite (which is not a strict restriction) in order to obtain positive definiteness in the strict sense of the correlation function
of GFA-stochastic processes. This is important in order to have a correspondence between positive definite functions and
Fourier transforms of positive tempered distributions (Bochner’s theorem) which will implicitly be used in Theorem 4.3,
while for weak positivity and weak positive definiteness it is still an open question (cf. [16]). Here, with the embedding
f > ke f x @ we have that f is a positive definite distribution (i.e. (f,6 x 6*) >0, 6*(x) = 6(—x), for all 6 € D(£2)) if
and only if fe =k f *@e is a positive definite function (i.e. ZRJ-:] fe(i —yizizj >0 forallneN, X1, y1,...,%, Yn € £2,
Z1,...,2p € C) for each ¢ € I.

4.2. Gaussian [L?] GFA-stochastic processes

We keep in mind Gaussian generalized stochastic processes, and wish to define Gaussian GFA-stochastic processes.
Definition 4.1. Let u € G(£2, [Lg (O)]). It is said that u is a Gaussian GFA-stochastic processes, if there exists a representative
(ug)e and &y > 0 such that for every € < &g, ug is a classical Gaussian stochastic process i.e. that for every ¢ < g9 and
arbitrary x1, ..., X, € R, the probability that the random variable

Xe = (ue (X1, @), ..., Ue (Xn, ®))

belongs to a Borel set B C R" is

det A, \ /2 1
P(X; € B) =/( (271)”) exp(—i(Agt,t)) dt, & <é&o,
B

where A stands for a non-degenerate positive definite matrix, and

n n

(Act,t) =" ajjetitj, & <&o.

i=1 j=1

We will call (ug)s a Gaussian representative of u. Also, instead of € < gp we will write ¢ € I.

Theorem 4.1. Let u be a Gaussian GFA-stochastic processes with Gaussian representative (ug)e and (By,)s be a representative of its
correlation function. Then, for all X1, ..., x, € R,

-1
Ae = (Bu, (i, %)), €€l
Proof. Fix x;,xj € £2. We have that

bi j.e = Bu, (xi, Xj) = E(ue (Xj, 0)ue (), ®)), X, Xj €82, e€l.

To prove the assertion, we will calculate E(ug(x;, w)ug(xj, )), Xi,Xj € 2, ¢ € I, in another way. The random variable
ug (X)ug(xj) (for fixed ¢ € I) can be considered as a function of the n-dimensional random variable, whose distribution
is given in Definition 4.1. Therefore (¢ € I),

det Ag \ /2 1
E(ug (i, @)U (X, w)) = ((;)5) /titj exp(—E(Agt,t)) de = tr(E;jA; "),
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where E;j denotes an n x n-dimensional matrix whose elements all vanish except e;; = 1, satisfying (E;jt, t) = t;t;. This gives
bije= tr(EijAgl), ¢ €1, and the proof is completed (cf. [3, p. 249], for explicit calculation). O

Theorem 4.2. Partial derivatives of a Gaussian GFA-stochastic processes are again Gaussian GFA-stochastic processes.

Proof. Let u € G(£2, [L?(D)]) be a Gaussian GFA-stochastic processes with a Gaussian representative (ug)e, and let oy, u be

its [L2(O)]-derivative with a representative (0% Us (w, X))e. The family U = {ue (-, x): x € 2}, € €1, is a Gaussian family, and

for x € £2,

Ug(-, (X1 +h, ..., Xn)) —ueg (-, %)
n ,

in the sense of L?(D)—convergence. So we observe the linear closure in the sense of L%-convergence of the Gaussian fam-

ily U, denoted by .. The family {ox, ue(-,x): x € £2} is a subfamily of U,, and therefore a Gaussian family as well. The
proof for (3%u.). follows easily. O

Ox, Ug (-, X) = lim cel,
h—0

The following theorem gives the complete characterization of Gaussian GFA-stochastic processes.

Theorem 4.3. For given m = [(m¢(X))s] € G(£2) and B = [(B¢(X, ¥)):] € G(£2 x §2) such that the covariance function C =
[(Ce(x,¥))e] € G(£2 x £2) is positive definite (C. are positive definite), there exists a Gaussian GFA-stochastic processes u €
G(£2, [Lg (D)]) with a Gaussian representative (i), whose expectation and covariance function are m and C.

Proof. Fix ¢ € I. For any n € N and arbitrary xq,...,x,; € £2, let (¢jjo) be a matrix with elements

Cije = Ce (Xi, Xj) = Be (X, Xj) —me (x))me(xj), 1<, j<n.

As the covariance function C is positive definite and symmetric, the matrix (cjje) is a positive definite and symmetric
representative. Thus, for each n € N, we have an n-dimensional Gaussian distribution function, whose expectation and
covariance matrix are mg(x1), ..., Mg (xn) and (cjje), respectively. The corresponding characteristic function is given by

1 n n
(1, ..o tp) ~ EXP(—E Z (Bs(xi’xj) - ms(xi)ms(xj))titj +izms(xi)ti)-

ij=1 i=1

For each fixed ¢ € I, the family of n-dimensional Gaussian distribution functions (as n goes through N) is compatible. This
means that the conditions of the Kolmogorov theorem are satisfied, and there exists a probability space (O, 4, P¢) and a
real Gaussian stochastic process {X.(x,): x € £2, w € O} on it, whose expectation and covariance function are

X~ Mg (X), (*,¥) ~ Ce(x, ¥).
The same arguments yield that for every k € N¢, |k| > 0,
) 2k
K
0"mg(x) and Mcg(x, y)

define a Gaussian stochastic process {Y, x(x, w): X € £2, w € O} whose expectation and covariance function are exactly the
given ones. Moreover, we have %X, (x, w) = Y k(x, w) in the sense of Lg(D)—convergence, for every ¢ € I. This shows that
X¢ (X, w) determines an Lg(D) C°°-stochastic process.

Since Bg = Bx,,e €1, and B =[(B¢(x, y))s] € G(§2 x £2) it follows that for any compact set K x K C §2 x £2, and any
ke Ng, there exists an a > 0, such that

sup 8,’(‘81;38()(, »=0("") ase—0.
x,y)eKxK
Using

2
0x 0y Bx, (%, )l y)=txx) = E (3 Xe (%, @) Xe (v, )| v = / 0¥ X (x, )|” dPe(w), €€l
O

we obtain that for every K € £2 and k € Ng there exists a > 0 such that

supf|8"X6(x, w)|?dPs(@)=0(e™%) ase— 0.
xeK

Thus we conclude that [(X. (X, ®))¢] is a Gaussian GFA-stochastic process. O

This leads to:
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Corollary 4.1. Let u € G(£2, [Lg(D)]) be a GFA-stochastic process with expectation m = [(my, (x))¢] € G(§2) and a correlation func-
tion B = [(By, (X, ¥))s] € G(£2 x £2). There exists a Gaussian GFA-stochastic process with the given expectation and correlation
function.

Example 4.2. Brownian motion b € G(R, [Lg(D)]) is a Gaussian GFA-stochastic process with zero expectation and with
correlation function

Bp, (x, y) = min{s, t} * @ (X)@e (¥) =/ min{s, t}pe (s — x)@e (t — y)dsdt, x,yeR, cel.

Example 4.3. White noise w is in [3] defined as the Gaussian generalized stochastic process with zero expectation and
correlation function By, (¢, V) = f¢>(s)1/r(s) ds, ¢, ¥ € D(R). According to the kernel theorem, for a positive definite func-
tional B there exists a unique distribution F € D'(R ® R) such that B(¢, ) = (F, ¢). For white noise this distribution is
Fwx,y)=0(x—y), x,y €R.

Now, in order to define white noise as a Gaussian GFA-stochastic process in G(R, [Lg(D)]), we can use different regular-
izations of the Dirac delta distribution. One possibility (following Example 4.1) is to put

ng(x,y)=8(s—t)*<ps(><)<ps(y)=/<pa(s—x)<ps(s—y)ds, x,yeR, eel. (4)

Since Byp, (X, y) = 0xyBp, (X, y) = 9xdy(min{s, t} * @ (X)@e (¥)) = 8(s — t) * Qe (X)@e (¥) = Bw, (x, y) and each Gaussian GFA-
stochastic process is uniquely determined with its expectation and correlation, we have that w = dsb i.e. white noise is the
distributional derivative of Brownian motion.

Another possibility to regularize §(x — y) is to put

Buw, (. y)=ge(x—y), X yeR, ecl, -

and thus define white noise as the Gaussian GFA-stochastic process with zero expectation and correlation function B.
It is easy to show that B and B are associated in G(R?), more precisely they both have the distributional shadow §(x —
y) € D' (R?). Thus, they determine Gaussian GFA-stochastic processes which are associated as elements of G(R, [Lg(D)]).

Example 4.4. The Gaussian GFA-stochastic process u € G(R, [Lg(D)]) with zero expectation and with correlation function

By, (x,y) =¢2(x—y), xyeR, eel,

is an example of a Gaussian GFA-stochastic process which is not associated with any element of L(D(R), [ng)]), i.e. it
does not have a distributional shadow.

4.3. Applications: Gaussian solutions of SPDEs

We give a simple general method of solving SPDEs in the framework of generalized Gaussian stochastic processes. This
method can be applied also in the case of classical stochastic processes. Also, we formulate necessary conditions for the
solvability of a SPDE in the space of Gaussian GFA-stochastic processes.

Let

P(x,D o Q I\ 6
®D)= Y G, au€G(R), @ NG, (6)

loe|<m

be a linear differential operator with generalized coefficients. Recall [14], it is given by a representative P.(x,D) =
3wl <m Goe (X) o Qe € EM(2), @ €NG, £ €1, and if (ag.e)e — (@a.e)e €N (2), @ € N§, then Pe(x. D) =Y lav.e (X) iz
€ € I, determines the same operator P(x, D).

Consider the stochastic differential equation

P(x,D)u(w,x) =h(w,x), x€2, we, (7)
where h =[(h)] is a Gaussian GFA-stochastic process with expectation mp = [(mp,)e] and correlation By = [(Bp,)e]. We
interpret Eq. (7) as a family of equations

Pg(x, D)ug(w, X) =hg(w,X), X€R2, we, c€l, (8)

in En (82, [LZ(O)D).

We want to find a solution (u.) to (8) so that it is a Gaussian representative of a Gaussian GFA-stochastic process u
which solves (7).

Taking expectation on both sides of (8) we obtain

Pe(x, D)my, (x) =mp, (x), x€£2, eel. (9)
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Now, we multiply (8) by P¢(y, D)us(w, y) to have

Pe(x, D)Pe(y, D)ug(w, X)Uug(@, ¥) =he(w, X)he (w,y), X, yeR, we, cel,

and then take expectation on both sides to obtain

Pg(x, D)Pe(y, D)By, (%, ¥) = Bp, (X, y), x,y€$f2, eel. (10)

Assuming that Eqgs. (9) and (10) have solutions my,, and By,, € €I, in Ey(£2) and Ey($2 x §2) respectively, and that By, is
positive definite, there exists a Gaussian GFA-stochastic process u, determined by m,, and B,.

Example 4.5. Let 2 = R". Consider now the equation

P(D)u(w,x) =h(w,x), x€, wey,

where P (D) is a differential operator with constant coefficients

aO(
P(D)= Y Goy g (11)
lel<m

and h is a Gaussian generalized functional stochastic process i.e. an element of L(D(£2), L2(9)) determined by the distribu-
tions my € D'(R") and By € D' (R?"). Applying the same method as above we obtain the system of equations

P(D)my(x) =mu(x),  P(Dx)P(Dy)Bu(x,y) =Bi(x,y), x,yeR"

It is known (see [8]) that there exist distributions m, € D’(R") and B, € D’(R?") that solve these equations. If B, is positive
definite in the sense of distributions, we obtain a generalized functional Gaussian stochastic process u with expectation m,
and correlation B, that solves the initial equation. Using the embedding (2) we obtain the corresponding Gaussian GFA-
stochastic process.

We continue to consider the classical differential operator with constant coefficients given in (11) and its formal Fourier
transformation

P(t) = Z ag(—it)®, teR™ (12)
=

We will formulate a necessary condition for the existence of a Gaussian solution of (7). Applying the Fourier transformation
to (10) we obtain

PEPM)By, (5, m) =By, (£, m), &Ene, cel (13)

Since By, is a correlation function and thus positive definite, Ehg is a positive distribution for all ¢ € I. (This means that for
every € > 0, (IABHS, @) >0 for all ¢ € D(R?") with the property ¢ > 0.) If there exists a solution By,, it should also be positive
definite in order to be a well-defined correlation function. Note, in [3] it is proved that if B, (x, y) is positive definite, then
P(Dx)P(Dy)By(x,y) is also positive definite. But the converse is generally not true, and this is what we are interested in:
what conditions are necessary to hold for the operator P(D) in relation to Bj, in order that the solution By, is positive
definite? Assuming that there exists a nonnegative solution Bua of (13) it follows: If Ehs =0, then P(&)P(n) =0 or l_f?ug =0.
On the other hand if Bj,, > 0 (Bj, >0 and Bp, #0), then By, > 0 and P(£)P(1) > 0. Thus, it is necessary that

[ m eR™: By (5,m) =0} C{E neR™M PP =0}U{E n eR™ By, (5 n) =0}
and

[, m) eR™: B (5,m) >0} C{(& ) eR™ PEP@m =0}n{E neR™ By (5,17 >0).

Note that we assume the positivity in a distributional sense; it is known, if a distribution is a continuous function, then this
notion reduces to the usual notion of a positive function.
We summarize the results of these considerations in the following proposition.

Proposition 3. Let 2 = R". The SPDE

P(D)u(w,x) =h(w,x), X€2, we,

where h = [(h¢),] is a Gaussian GFA-stochastic process with correlation By = [(Bp,)¢], and P(D) is a differential operator with
constant coefficients as in (11), has a Gaussian solution u = [(ug)s] € G(£2, L2(D)), if the solutions By,, € € 1, of the differential
equations
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P(Dx)P(Dy)Bu, (x,y) =Bp, (X, ¥), Xx,ye2, €l

determine an element [(By,)s] € G(§2 x §2) and moreover for every ¢ € I, By, are positive definite.
A necessary condition for the positive definiteness of By,, € € I, is that the differential operator P(D) and By, € € I, satisfy

{E.m) e R¥™: By, (£.1) > 0} € (&, m) e R*™: PE)P(n) >0},

where P(t), t € R", is the formal Fourier transformation of P (D) defined as in (12).

Example 4.6. Consider the equation u’(w, X) = w(w, x), where w is the white noise Gaussian GFA-stochastic process defined
in Example 4.3. Then, (9) reduces to m{,g (x) =0, while (10) reduces to 95y By, (x,y) = fgz)g (s = X)@e (s — y)ds. It was shown
in Example 4.3 that the latter equation has a solution By, (x, y) = min{x, y} * ¢ (x)@c(y), while the first equation has a
solution e.g. my, (x) = 0. (Note, that uniqueness cannot be obtained in this way.) Thus, a solution of u’(w, x) = w(w, x) is
u =b, where b is the Brownian motion process from Example 4.3. Applying the Fourier transformation to dxdyBy, (X, y) =
8(x — ¥) * = (X): (y) we obtain

—EnBu, (5,0) =8 +M)Pe ()P ().

Indeed, we have that the necessary condition:

{€.meR* £=—n}c{E neR* £n<0}

is satisfied.
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